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Since E. Witten has pioneered the topological field theory (TFT)[1], many en-
ergetic researches have been done[2] and then TFT has been proved to be a real
solid methodology in the quantum field theory (QFT). A few substantial problems
associated with TFT still remain to be solved, for example, about the topological
twist, however.
There are two typical stand points for constructing TFT, i.e. topological twisting
and BRST gauge fixing. Both approaches result in the so-called moduli problem[3][4].
In either case, the remarkable characteristic is that the Lagrangian is described as
L = {Q, ⋆}, where Q is the fermionic operator of nilpotency. In terms of the ordi-
nary QFT words, L is just composed of the BRST gauge fixing and the FP ghost
terms, and the Q corresponds to the BRST operator. Because of the BRST-exact
form of L, every correlation function is independent of the coupling factor as a con-
sequence of which the leading contribution to the path-integral is only the classical
configuration of the fields, i.e. zero mode. This zero mode configuration is associated
with some moduli space.
In the BRST approach, the relation between the topological twist and the moduli
problem may be comparatively clear owing to the intrinsic constructing procedure
where some moduli problem can be settled as the gauge fixing condition. In the
topological twisting formalism, the above relation is not much clear, on the contrary.
It seems that there has not been a common recognition on what the topological
twist is really doing. The different twistings of the same model derive the different
moduli problems, respectively, which are related through the mirror symmetry[5] as
the explicit example of twisting in general. In relation to the topological twisting
mechanism, the topological gauged WZW model[6] is composed of two different
twisting procedures from the same bosonic model, not necessarily twisting of the
N=2 supersymmetry[7] of Kazama-Suzuki model[8], and in this case there surely
exists the mirror symmetry.
In this note, it is explicitly shown that the topological twist is related to moduli
problem through vanishing Noether current. First of all, we perform topological
twisting of osp(2|2) ⊕ osp(2|2) conformal super algebra. The TFT Lagrangian is
then constructed, to be exact, found by using this twisted algebra and the field
configuration is investigated in the case of zero-limit of the coupling factor on the
path-integral. This configuration is indeed a moduli space of flat connection, and
this fact originates from vanishing Noether current.
Let us start with explaining briefly the reason why we use the conformal super
group. The topological twist usually means the mixing of the representation space
of the automorphism group of the supersymmetry with that of the symmetry group
with respect to the space-time, for example, spinor space. On the manifold, the
latter symmetry is local. Consequently the former symmetry must also be local.
This situation is allowed only in the case of the conformal supersymmetry. This
is the reason why we investigate this super group. For the purpose of examining
the Yang-Mills theory on two dimensional manifold, then, we are interested only
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in the symmetry group which constructs a conformal supergravity theory[9]. The
automorphism group of Osp(2|2)⊗ Osp(2|2) in relation to (2, 2) supersymmetry is
SO(2)⊗ SO(2), and Osp(2|2) is required to be compact so that its Cartan-Killing
form is positive definite, while the super Lie group Osp(2|2) is generally not compact.
osp(2|2)⊕ osp(2|2) conformal super algebra on which the twisting operation will
be made to form a corresponding topological algebra is then confined to the two
dimensional Lorentzian manifold with the local Lorentz metric of the light cone
coordinates: gzz¯ = gz¯z = −2, gzz¯ = gz¯z = −1/2 and gzz = gz¯z¯ = gzz = gz¯z¯ =
0. This (2,2) super algebra contains two types of complex Weyl spinorial charges
Q, Q¯; S, S¯, where “−” means the Dirac conjugation Q¯ = Q†γ0 in which γ0 = iσ2
and incidentally γ1 = σ1, γ5 = −γ0γ1 = σ3, or equivalently γz = γ0 + γ1, γ z¯ =
γ0−γ1 in the light-cone coordinates. These supercharges are two component spinors,
for example Q = (Q+, Q−)
t, where “+,−” mean spinor indices describing “left”
and “right” moving , respectively, with respect to the local Lorentz coordinates
(z, z¯). These indices are raised and lowered by a metric in spinor space given by
the charge conjugation matrix C = γ0: η+− = η−+ = −1, η−+ = η+− = 1 and
η++ = η−− = η++ = η−− = 0. We can leave out the conjugate parts of the bra-ket
bosonic relations with respect to the complex supercharges of osp(2|2)⊕ osp(2|2) as
follows:
[S, Pa] = γaQ, [S,D] = −12S, [S,M ] = −12γ5S,
[Q,Ka] = −γaS, [Q,D] = 12Q, [Q,M ] = −12γ5Q,
[S,A] = −i1
4
γ5S, [S, V ] = −i14S,
[Q,A] = i1
4
γ5Q, [Q, V ] = −i14Q.
(1)
If we want to get these conjugate parts of Eqs.(1), we must pay attention to the
fact that the representation of the body o(2)⊕ sp(2) of osp(2|2) are anti-Hermitian
where the anti-Hermitian character of the representation of sp(2) actually leads to
the positivity of the Cartan-Killing form of osp(2|2).
Ordinary (2,2) supersymmetry which is not conformal is direct sum of (2,0) and
(0,2) and the corresponding part in osp(2|2)⊕ osp(2|2) reads
{Q+, Q¯+} = iPz, {S+, S¯+} = −iKz ,
{Q−, Q¯−} = iPz¯, {S−, S¯−} = −iKz¯ . (2)
The super-extended conformal algebra on the other hand has the central charges
in the relations between the super charges, and consequently the decomposition
mentioned above does not exist. This mixing part of (2,0) and (0,2) in osp(2|2)⊕
osp(2|2) is
{Q+, S¯−} = i(M −D) + 2(A− V ), {Q−, S¯+} = i(M +D) + 2(A+ V ),
{Q¯+, S−} = i(M −D)− 2(A− V ), {Q¯−, S+} = i(M +D)− 2(A+ V ). (3)
This property will play an important role in the forthcoming contexts.
The bosonic generators of osp(2|2)⊕osp(2|2) are as follows: Pa, Ka, M, D, A
and V are translation, conformal-translation, Lorentz, Weyl, chiral o(2) and internal
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o(2), respectively. The finite two-dimensional conformal algebra composed of only
these bosonic generators is
[Pa,M ] = ǫabP
b, [Pa, D] = Pa, [Ka, D] = −Ka,
[Ka,M ] = ǫabK
b, [Ka, Pb] = 2(ǫabM − δabD), (4)
where the ǫ symbols are ǫzz¯ = −ǫz¯z = −2, ǫzz¯ = −ǫz¯z = 1/2 and ǫzz = ǫz¯z¯ = ǫzz =
ǫz¯z¯ = 0.
We are now in a position to perform topological twisting of this algebra. Topo-
logical twist is usually a kind of mixing which results in identification of the rep-
resentation space of automorphism group of N=2 super symmetry with that of the
local Lorentz group. It is easy to perform twisting of this algebra to get the topo-
logical algebra. Most of all we have to do is to replace Q, Q¯, S, and S¯ with Q+, Q−,
S+, and S−, respectively. The indices “+,−” are raised and lowered with the same
metric as for the indices α; β of Cαβ and Qα. That is, the complex Weyl spinors ϕα,
ϕ¯α are substituted for ϕ
+
α , ϕ
−
α :
ϕα =
i√
2
ϕ +α , ϕ¯α =
i√
2
ϕ −α . (5)
The remaining manipulations are as follows. The fermionic charges Q+ =
(Q ++ , Q
+
− )
t have become ( (0,0)-form , (0,1)-form ), and Q− = (Q −+ , Q
−
− )
t with (
(1,0)-form , (0,0)-form ), idem S±. Then we have to modify the definitions of local
Lorentz M and Weyl D generators so that the four (0,0)-form fermionic generators
of super symmetry have no charge with respect to these two bosonic generators.
We have put the representation space accompanied with the automorphism group
O(2) ⊗ O(2) upon the space of spinor. The modified M , D generators must be
direct sums with o(2)⊕ o(2) generators V and A, respectively. The solution to this
constraint resolves into
M˜ =M + 2iV, D˜ = D + 2iA. (6)
These modified generators then satisfy the following relations:
[Q ±± , M˜ ] = 0, [S
±
± , D˜] = 0. (7)
There appear some problems about the closure of the modified algebra, however.
The generators A and V have been put uponD andM , respectively and the modified
algebra which contains M˜ and D˜ must not contain A and V . In fact, the modified
algebra contains subtle relations:
{Q +− , S −+ } = i(M˜ + D˜)− 4i(A+ V ),
{Q −+ , S +− } = i(M˜ − D˜) + 4i(A− V ). (8)
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We can neglect the constraints(8) as in the followings. Here it is necessary to
omit another generators with regard to Eqs.(8), if this modified algebra still obeys
the closure property for the generators of the gauge symmetry. In this point of
view, the four fermionic generators Q −+ , Q
+
− , S
−
+ and S
+
− do not induce the gauge
transformations generated by both i(M˜+D˜)−4i(A+V ) and i(M˜−D˜)+4i(A−V ). To
do so, there are two alternatives, that is, the case in which the holomorphic vector
charges Q −+ , S
−
+ , Pz, and Kz vanish, or the case in which the anti-holomorphic
charges Q +− , S
+
− , Pz¯, and Kz¯ vanish. The second case is adapted here without
any compensation procedure, that is, all gauge fields and parameters of these four
generators are assured to vanish.
This twisting procedure is explained in terms of the gauge fields of the corre-
sponding symmetry osp(2|2)⊕ osp(2|2). Let us introduce the gauge field a which is
Lie super algebra-valued 1-form of osp(2|2)⊕ osp(2|2) in the form
aµ = e
a
µPa + f
a
µKa + ωµM + bµD
+ aµA+ vµV + ψ¯µQ+ Q¯ψµ + φ¯µS + S¯φµ, (9)
as well as transformation parameter τ defined by
τ = ξaPPa + ξ
a
KKa + λlM + λdD
+ θaA+ θvV + ε¯Q+ Q¯ε+ κ¯S + S¯κ. (10)
Using these gauge fields and parameters, the above mentioned topological twist and
additional manipulations can be described as follows: Eqs.(6) mean
vµ = 2iωµ, aµ = 2ibµ, (11)
and neglect of the generators Q +− , S
+
− , Pz¯ and Kz¯ means
φ −µ+ = 0 = ψ
−
µ+ , κ
−
+ = 0 = ε
−
+ ,
ez¯µ = 0 = f
z¯
µ , ξ
z¯
P = 0 = ξ
z¯
K . (12)
Under these conditions we are led to
δφ +µ+ ∼ δφ −µ− , δψ +µ+ ∼ δψ −µ− . (13)
Accordingly we have the following identifications:
ψ +µ+ = −ψ −µ− ≡ −ψ, φ +µ+ = −φ −µ− ≡ −φ,
ε ++ = −ε −− ≡ −ε, κ ++ = −κ −− ≡ −κ, (14)
which read without loss of generality
Q ≡ Q ++ +Q −− , S ≡ S ++ + S −− . (15)
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Taking all these additional conditions with respect to topological twisting of the
original osp(2|2)⊕ osp(2|2) into account, we get the gauge connection a:
aµ = e
z
µPz + f
z
µKz + ωµM˜ + bµD˜
− 1
2
(Q −+ ψ
+
µ− + S
−
+ φ
+
µ− + ψµQ+ φµS), (16)
and transformation parameter τ :
τ = ξzPPz + ξ
z
KKz + λlM˜ + λdD˜
− 1
2
(Q −+ ε
+
− + S
−
+ κ
+
− + εQ+ κS), (17)
respectively.
After all, the generators in Eqs.(16)(17) obey the following relations:
[S, Pz] = Q
−
+ , [Q
−
+ , D˜] = Q
−
+ , [Q
−
+ , M˜ ] = −Q −+ ,
[Q,Kz] = −S −+ [S −+ , D˜] = −S −+ , [S −+ , M˜ ] = −S −+ ,
{Q,Q −+ } = −2iPz, {S, S −+ } = 2iKz, {Q, S} = −4iM˜ ,
[Pz, M˜ ] = −Pz , [Pz, D˜] = Pz,
[Kz, M˜ ] = −Kz, [Kz, D˜] = −Kz,
(18)
and the gauge connections satisfy the following transformation rules:
δψµ = ∂µε,
δφµ = ∂µκ,
δψ +µ− = ξ
z
Pφµ + (λl − λd)ψ +µ− − ezµκ +Dµε +− ,
δφ +µ− = −ξzKψµ + (λl + λd)φ +µ− + f zµε+Dµκ +− ,
δezµ = DµξzP + (λl − λd)ezµ + i2(εψ +− − ψε +− ),
δf zµ = DµξzK + (λl + λd)f zµ − i2(κφ +− − φκ +− ),
δωµ = Dµλl + i2(κψµ + εφµ),
δbµ = Dλd,
(19)
where
Dε +− = (∂µ + bµ − ωµ)ε +− , Dκ +− = (∂µ − ωµ − bµ)κ +− ,
DµξzP = (∂µ − ωµ + bµ)ξzP , DµξzK = (∂µ − ωµ − bµ)ξzK ,
Dµλl = ∂µλl, Dµλd = ∂µλd.
(20)
The field strengths in relation to the discarded Q +− , S
+
− , Pz¯ and Kz¯ all vanish as
expected. The resultant algebra (18) can be referred to topological algebra[10].
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o(2)⊕ o(2) generators, A and V , still remain as global internal symmetry whose
charge is the so-called ghost-number, the generators of which are defined by G ≡
2i(A− V ), G˜ ≡ 2i(A+ V ). Here G and G˜ satisfy the following relations:
[G,Q ++ ] = Q
+
+ , [G,Q
−
+ ] = −Q −+ ,
[G˜, Q −− ] = Q
−
− , [G˜, Q
+
− ] = Q
+
− ,
[G, S ++ ] = −S ++ , [G, S +− ] = S +− ,
[G˜, S −− ] = −S −− , [G˜, S −+ ] = S −+ .
(21)
As a consequence of Eqs.(21), indeed, it is natural to regard these generators G, G˜ as
the ghost number operators. Q ±± and S
∓
± increase the ghost number by one unit,
while Q ∓± and S
±
± decrease it by the same quantity. This assignment is consistent
with the relations(18)(19).
Hereafter, our principal concern is now reduced to building up the TFT La-
grangian and quantizing it. Let us give a brief sketch of TFT[2]. The theory has
some fermionic operator Q with its nilpotency and the Lagrangian L is Q-exact:
L = {Q, ⋆}. Moreover the TFT Lagrangian is allowed to have the gauge sym-
metries, in which the cohomological nature of TFT turns out to the equivariant
cohomology: Q2 = τφ, where τφ means the gauge transformation with the param-
eter φ. The freedom of this gauge symmetry can be fixed by using BRST method
as usual before the quantization of this system. But in TFT this freedom may be
automatically fixed after the quantization, i.e. the reduction on some moduli space.
Because L is Q-exact, the correlation functions are independent of a coupling fac-
tor. The zero limit of the coupling factor then induces the leading contribution of
the path-integral with L = 0. This configuration of the fields is associated with a
moduli space. As a consequence, TFT makes a local field theory in the sense of a
finite integration on the moduli space after quantization. Parenthetically it is nec-
essary to mention that the behavior of the path-integral measure is crucial for the
case of the full construction of TFT[7], e.g. in studies of the mirror symmetry[11][12].
Let us turn attention to building up TFT Lagrangian. We can construct L by
using the anti-commutation relations in (18):
L ≡ {Q, S}, (22)
because of
{Q, S} =
∫
∂M2
J0{Q,S} =
∫
M2
dJ0{Q,S}, (23)
where Q = Q ++ + Q
−
− , S = S
+
+ + S
−
− , and Q
2 = 0 = S2. It is of interest to
mention that L can be defined only in the two dimensional surface with boundary,
has no ghost number and is invariant under the gauge symmetries generated by M˜ ,
D˜, Q, and S. We can quantize formally this system of Lagrangian(22) by the path
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integral. It is well known that the path-integral on the manifold with boundary
describes some states on the boundary, which are also topological invariants[1], and
consequently we can make the formulation on the manifold without boundary by
means of the inner product of the path-integrals as “in” and “out” states. Hereafter
we then suppose that the manifold of the theory would be without boundary[13].
As mentioned above, the configuration of the system results in a corresponding
moduli space after quantization. Therefore we obtain
L = {Q, S} = −4iM˜ = 0. (24)
Suppose there exists a system Γ of the gauge fields alone and let the Noether current
of the symmetry generated by M˜ be JM˜0 , the condition (24) turns out to J
M˜
0 =0
which is the result of the path integral. Consequently we define a sub-configuration
Γs which satisfies J
M¯
0 = 0. The constraint J
M˜
0 =0 provides us with the following
reduction of the configuration:
Γ =⇒ Γs. (25)
Let us confine ourselves to investigation of the physical meaning of the reduc-
tion mentioned above just through the Noether current which is composed of the
connections of original Osp(2|2)⊗Osp(2|2)(≡ G). Let us start with considering the
Yang-Mills action on 2-dimensional manifold without boundary:
LYM2 =
∫
M2
|RG|2 ∗ 1, (26)
where ∗ is Hodge star operator and RG is a field strength 2-form :RG = RABIAB in
which IAB is the Cartan-Killing form on the Lie algebra of G: IAB = f DAC f CBD . It
is a matter of course that Eq.(26) is invariant with respect to the gauge symmetry
G and has no general coordinate invariance. Here the norm |RG|2 has been obtained
by using the metric on M2 and the Killing form IAB. It is of interest to argue that
the integrand of Eq.(26) can be rewritten as RA∧∗RBIAB, together with the volume
form of the metric ∗1. The time component of the Noether current in association
with the symmetry generated by M˜ = M + 2iV then turns out to be
J0M˜ =
∂LYM2
∂(∂0aAµ )
GAM˜(a)µ = R
BIABG
A
M˜(a)µ, (27)
where GA
M˜
(a)µ are defined by
δM˜a
A
µ = λM˜G
A
M˜(a)µ. (28)
a
A are general form of the connections aAµ and R
A ≡ RA01. Parenthetically as be seen
from Eq.(27), M˜ does not mean the topological twist in the situation.
We can now add the optional field strength components to the original current
owing to the ambiguity of the Noether current. We are free to choose the additional
terms:
∂α(θ
ARAαβ), (29)
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where θA(x) 0-form are arbitrary functions which supplement the characteristics of
J0
M˜
with respect to the paired field strengths RA. For the purpose of determining
the compensating factors θA(x) 0-form, we refer to Eq.(27) in which GA
M˜
(a)µ are
composed of the gauge transformations δ/τa
A 1-form as in Eqs.(28), and surely
correspond to θA(x) 0-form. Here θA(x) 0-form must be constructed through the
reduction procedure of δaA 1-form. That is, we need some map X :
X : δaA...1-form 7→ θA...0-form. (30)
This map X can indeed be chosen as
X ≡ D∗, (31)
where D∗ is the adjoint exterior derivative operator:
D∗ : Ωr(M)→ Ωr−1(M), (32)
with D∗ = (−1)2r ∗D∗ on the two dimensional Lorantzian manifold without bound-
ary. We then obtain θA(x) 0-form as follows:
θA ≡ D∗δaA. (33)
Accordingly Eqs.(29) are reduced to
∂β(θ
ARAβα) = (∂βθ
A − (−)|B||A|f CBA θCaBβ )RAβα + θADβRAβα, (34)
where
DβRAβα = ∂βRAβα + (−)|B||C|f ABC aBβRCβα. (35)
We next add Eqs.(34) to J0
M˜
which leads to
J0
M˜
=
all∑
A
(ΠAµ=1R
A + θADµ=1RA), (36)
where
ΠAµ=1 ≡ GAM¯(a)1 + ∂1θA − (−)|B||A|f CBA θCaB1 . (37)
Our principal task is now to make the topological twist of the current (36) and
set it upon the configuration Γs. The zero field strengths on Γs are removed through
replacement of A by A∗ which is defined by
A∗ = Pz, Kz, M˜ , D˜, Q,Q
−
+ , S, S
−
+ . (38)
We then obtain the informations for J0
M˜
= 0 as follows:
RA
∗
= 0, θA
∗
= 0. (39)
9
Clearly this solution(39) is not unique in the mathematical view point, but seems
natural because of the independence of the specific space-time coordinate index:µ =
1.
RA
∗
= 0 and θA
∗
= 0 obtained above play the roles of the constraints for the
configuration Γs which eventually lead to some moduli space. Number of the equiv-
ariant constraints RA
∗
= 0 is equal to that of the fermionic connections with ghost
number ψµ(−1), ψ +µ− (1), φµ(1) and φ +µ− (−1). Therefore these constraints can be
regarded as the fixing conditions of the so-called topological symmetry whose de-
grees of freedom is equal to number of these fermionic connections, i.e. the so-called
topological ghosts.
Let us next explain the physical meaning of the conditions θA
∗
= 0. The tangent
of the connection space A can be decomposed[14] as follows:
TaA = ImD ⊕ kerD∗, (40)
where ImD 1-form is the tangent in the gauge direction, while KerD∗ 1-form means
the component orthogonal to the gauge orbit and 0 = θA
∗
= D∗δaA∗ is a natural
gauge condition in which δaA
∗
is an infinitesimal variation of the connection a. The
constraints θA
∗
, the number of which is equal to that of the generators of the gauge
symmetry, is then regarded as the gauge fixing conditions.
We can therefore claim that all the constraints RA
∗
= 0, θA
∗
= 0 which originate
from J0
M˜
= 0 indeed lead to a moduli space of flat connection:
Mflat = {RA∗ = 0}/G∗. (41)
The BRST gauge fixing is necessary, by way of parenthesis, for the detailed inves-
tigation of the observables, correlation functions and their geometrical meaning in
TFT[15][16]. Incidentally let us describe another representation for the conditions
(39). If the infinitesimal variation of the connections δaA
∗
are on Γs, the variations
of RA
∗
under δaA
∗
must also vanish. Linearized representation[17][18] of the flat
connection equations yields
0 = ∗δR = ∗Dδa = ∗D ∗ ∗δa = D∗ ∗ δa,
D∗δa = 0. (42)
If δa are the arbitrary variations on Mflat, its Hodge dual ∗δa, which are still
1-forms only in the two-dimension, are also on Mflat.
Let us shed some light upon the principal result (41). In the ordinary N=2 con-
formal supergravity, all curvatures must vanish in full consonance with the general
coordinate transformations as the gauge symmetry generated by the conformal su-
per group[19]. As a consequence, there exists no kinetic term, i.e. no dynamics of
the connection fields in the ordinary theory. In the present case, on the contrary,
zero curvatures play the roles of the conditions which lead to the configuration of
the fields. Accordingly the general coordinate transformations δgc(ξ) are induced by
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these conditions. δgc(ξ) expressed as
δgc(ξ)a
A
µ =
∑
B
δB(ξ
ν
a
B
ν )a
A
µ + ξ
νRAνµ. (43)
The topological twist of Eqs.(43) then yields
δgc(ξ)a
A∗
µ =
∑
B∗
δB∗(ξ
ν
a
B∗
ν )a
A∗
µ , (44)
with the additional use of Eqs.(39). δgc(ξ) have been fixed in accordance with
the thoroughly fixed gauge symmetry (41). It is then possible to argue that the
configuration Mflat is a quotient not only in the sense of the gauge symmetry, but
also in the sense of the diffeomorphism:
∼ /G∗ ⊃ ∼ /Diff0. (45)
Let us make concluding remarks as follows: First, making use of the ambiguity of
the Noether current, we are led to the relation (36) between the vanishing Noether
current J0
M˜
= 0 and the flat connection conditions RA
∗
= 0, θA
∗
= 0. In the conven-
tional QFT, this ambiguity mentioned above plays an important role in association
with avoiding the anomaly, while its physical role is not clarified in the case of the
classical correspondent. In the present TFT, on the contrary, the classical theory
has been obtained as the limiting case of the path-integral, and consequently the
ambiguity argued above leads to the corresponding moduli problem. Secondly, we
are led to claim that the vanishing Noether current J0
M˜
= 0 induces the field con-
figuration Mflat after the path-integral when the Lagrangian is constructed from
the twisted algebra (18) and that the vanishing Noether current J0
M˜
= 0 plays the
role equivalent to the moduli problems. On the other hand, since physical aspects
of CFT are dominantly described by using the canonical formulation of currents,
the vanishing Noether current J0
M˜
= 0 may shed some light upon establishing the
deeper insight into CFT in general. The characteristic feature of the current asso-
ciated with M˜ will indeed be clarified in the matter systems.
The author would like to thank Professor H.Fujisaki for enlightening discussions
and careful reading of the manuscript. He is much grateful to Dr.T.Suzuki for fruit-
ful discussions and helpful comments. He is also indebted to Mr.T.Nonaka for useful
discussions.
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